In the presence of the charged impurities, we study the weak localization (WL) effect by evaluating the quantum interference correction (QIC) to the conductivity of Dirac fermions in graphene. With the inelastic scattering rate due to electron-electron interactions obtained from our previous work, we investigate the dependence of QIC on the carrier concentration, the temperature, the magnetic field and the size of the sample. It is found that WL is present in large size samples at finite carrier doping. Its strength becomes weakened/quenched when the sample size is less than a few microns at low temperatures as studied in the experiments. In the region close to zero doping, the system may become delocalized. The minimum conductivity at low temperature for experimental sample sizes is found to be close to the data. Study of graphene is currently a focused area. The observations on the electronic transport properties show there is no weak localization (WL) of electrons in the experimental samples [1, 2] . This result seems to conflict with the general theory that the electrons should be localized in two dimensional systems [3, 4, 5] . There have been theoretical works qualitatively discussing this issue primarily based on the impurity scatterings with zerorange potentials [6, 7, 8, 9] . On the other hand, it has been shown that the charged impurities with screened Coulomb potentials [10, 11, 12] are responsible for the observed carrier density dependence of the electric conductivity. Analysis of the WL effect in graphene using realistic model for impurity scatterings and its comparison with experiments is still lacking.
In the presence of the charged impurities, we study the weak localization (WL) effect by evaluating the quantum interference correction (QIC) to the conductivity of Dirac fermions in graphene. With the inelastic scattering rate due to electron-electron interactions obtained from our previous work, we investigate the dependence of QIC on the carrier concentration, the temperature, the magnetic field and the size of the sample. It is found that WL is present in large size samples at finite carrier doping. Its strength becomes weakened/quenched when the sample size is less than a few microns at low temperatures as studied in the experiments. In the region close to zero doping, the system may become delocalized. The minimum conductivity at low temperature for experimental sample sizes is found to be close to the data. Study of graphene is currently a focused area. The observations on the electronic transport properties show there is no weak localization (WL) of electrons in the experimental samples [1, 2] . This result seems to conflict with the general theory that the electrons should be localized in two dimensional systems [3, 4, 5] . There have been theoretical works qualitatively discussing this issue primarily based on the impurity scatterings with zerorange potentials [6, 7, 8, 9] . On the other hand, it has been shown that the charged impurities with screened Coulomb potentials [10, 11, 12] are responsible for the observed carrier density dependence of the electric conductivity. Analysis of the WL effect in graphene using realistic model for impurity scatterings and its comparison with experiments is still lacking.
In this work, on the basis of the self-consistent Born approximation (SCBA) to the Dirac fermions under the charged impurity scatterings, we solve the integral matrix equations for the current-vertex corrections and the two-particle propagators. The WL is studied by evaluating the quantum interference correction (QIC) to the electric conductivity. With the inelastic scattering rate due to electron-electron interactions [13] , the dependence of QIC on the carrier concentration, the temperature, the magnetic field and the size of the sample are investigated. The obtained results are compared with experiments.
The Dirac fermionic nature of the electrons in graphene [14, 15, 16, 17] have been observed by recent experiments [1, 18] . Using the Pauli matrices σ's and τ 's to coordinate the electrons in the two sublattices of the honeycomb lattice and two valleys in the first Brillouin zone, respectively, and suppressing the spin indices for briefness, the Hamiltonian of the system is given by
where
) is the electron operator with a and b denoting the sublattice and 1 and 2 for the valley indices, the momentum k is measured from the center of each valley, v (∼ 5.856 eVÅ) is the velocity of electrons, V is the volume of system, and V i (q) is the finite-range impurity potential. From the previous discussion for V i (q) [12] , we have
where n i (−q) is the Fourier component of the impurity density, v 0 (q) and v 1 are respectively the intravalley and intervalley impurity scattering potentials, and Q is a vector from the center of valley 2 to that of the valley 1.
Here, all the momenta are understood as vectors. The off-diagonal parts in Eq(2) are slightly different from that in Ref.12 where σ 0 was used instead of σ 1 because the basis was
) with reflected y-axis in valley 2. But that basis is not convenient for dealing with the problem of WL. The potential v 0 (q) is given by the Thomas-Fermi (TF) type and v 1 ≈ v 0 (Q) with Q = 4π/3a (a ∼ 2.4Å as the lattice constant). It has been shown that the TF type potential gives rise to the same result for the electric conductivity of graphene as the one of the random-phase approximation [12] . The impurity density chosen here is n i = 1.15 × 10 −3 a −2 , which fits the experimental data for the electric conductivity.
Under the SCBA, the Green function [12] . Here, µ is the chemical potential, andk is the unit vector in k direction. The current vertex vΓ α ( k, ω 1 , ω 2 ) (α = x, y) [ Fig. 1(a) ] can be expanded as
where four-coupled integral equations [12] . The current-current correlation function [ Fig. 1 (b)] is obtained as
To investigate the WL, we evaluate QIC [ Fig. 1(c) ] to the electric conductivity following the works of Refs. 4 and 7. This correction is associated with two-particle propagator C j1j2j3j4 α1α2α3α4 (k, k ′ , q, ω) (Cooperon). It obeys the Beth-Salpeter equation represented in Fig. 1(d) . Here, the superscripts j's denote the valley indices, and the subscripts α's correspond to the sublattice indices. To solve this equation, we transform the Cooperons from the valley-sublattice space into the isospin-pseudospin space according to McCann et al. [9] ,
where M l s = Σ y Σ s Λ y Λ l , Σ's and Λ's are respectively the isospin and pseudospin operators defined as
We will hereafter occasionally use the indices 0,1,2,3 for 0,x,y,z, respectively. The equation for C l1l2 s1s2 reads,
where Π l ss1 is the element of matrixΠ l defined aŝ
with
s ]δ ss ′ , and the element ofĥ is given by h ss
α1α2 ≡ δ j1j2 δ α1α2 andj being the conjugate valley of j) shown as the dashed line with a cross in Fig. 1(d) . The second term of this interaction stems from the fact that when a particle is scattered from valley 1 to valley 2 another particle should be scattered inversely so that the total momentum of the Cooperon is unchanged. From Eq. (4), it is seen that the pseudospin of the Cooperon is unchanged during the impurity scatterings. We hereafter denote C
For l = 0 and q = 0, a solution is λ 0 (0) = 1, and
where For q = 0, we consider only the case of small q since where QIC is significant. At small q, by expanding Π 0 ( k, k ′ , q) to second order in q and using perturbation treatment, we obtain
to the first order in the perturbation, where Ψ|Ψ = k Ψ † (k)Ψ(k)/V and d 0 is a positive constant. To the 0th order, the eigenfunction is unchanged.
Note that the difference betweenΠ l for l = 0 andΠ 0 comes from the intervalley scattering term inŴ l . By regarding to this difference as a perturbation, we obtain
to the first order, and the same eigenfunction as Ψ( k) to the 0th order in the perturbation. Here λ l (0) is less than 1, and approaches to 1 as the carrier density becomes extremely low.
We now describe the solution C space) with eigenvalue λ l n (q), n = 1, 2,· · · . Then, as a matrix in the isospin space, C l can be expanded as
Therefore, the predominant contribution to C l comes from the state with the lowest |1 − λ l |. We will therefore take into account only the state of the lowest |1 − λ l | for each l. The state for each l obtained above is just the one. We hereafter denote c l n (q) of the lowest state as
With the Cooperon C l , the QIC to the current-current correlation function P (ω − , ω + ) is given by [ Fig. 1(c) ]
where Z l ( k, q, ω) is a matrix with elements Z l ss ′ 's,
and
and the operator Λ l commutes with G and Γ x , we have Z l ss ′ = −Z 0 ss ′ for l = x, y, z. This result means that the QIC by the pseudospin singlet (l = 0) is negative, while it is positive by the pseudospin triplets (l = x, y, z). Since the q-integral in Eq. (7) comes predominantly from the small q region, the q-dependence of Z l can thereby be neglected. Carrying out the q-integral, we get where n 0 = −1, n l=x,y,z = 1, q 0 and q 1 are the lower and upper cutoffs of the q-integral.
The lower cutoff q 0 is given
where L in is the length the electrons diffuse within an inelastic collision time τ in and L the length scale of the system. We have recently studied the interacting electrons in graphene using renormalized-ring-diagram approximation [13] . At very low doping (δ < 1.0 × 10 −3 , the doped electrons per site), from the result for the self-energy, τ in due to the inter-electronic Coulomb interaction is estimated as τ in ≈ 0.462v/aT 2 , where T is the temperature.
where the elastic collision time τ is determined by the non QICcorrected conductivity g 0 , τ =hπg 0 /vk F e 2 (with k F as the Fermi wavenumber). For low carrier density, we find that L in is about a few microns for 4 K < T < 20 K. On the other hand, the upper limit is q 1 = L −1 0 with L 0 = vτ as the length of mean free path.
In Fig. 2 , QIC to the conductivity δg ≈ δP (0 − , 0 + )/2π at T = 10 K is shown as function of the electron doping concentration δ, and compared with the corrected conductivity g obtained from Fig. 1(b) + Fig. 1(c) (for L = 1µm) and the experimental result [1] . For smaller size system L < L in , δg is larger with δ fixed. This is because the lower cutoff q 0 moves up for small L so that the negative contribution from the l = 0 channel is weakened. Moreover, δg increases with decreasing doping. δg is positive at low doping. This stems from the fact that at small δ the screening is weak, the Fermi circle and the typical momentum transfer q (∼ 2k F ) are small, leading to stronger v 0 (q) than v 1 . For weak v 1 /v 0 (q), all λ l (0)'s (l = 0) close to 1, the contribution to δg from each pseudospin channel has almost the same magnitude. After one of l = 0 is canceled by the l = 0 channel, the net contribution to δg is positive. Physically, Dirac fermions cannot be scattered to exactly the backwards direction in case of v 1 = 0 and the WL is absent. Therefore, the system may become delocalized at very low carrier concentration. On the other hand, with increasing δ, the strength of the intervalley scatterings becomes stronger, leading to the appearance of WL in large size samples.
In Fig. 3 , we exhibit the temperature and size dependences of δg. For system of large scale L > L in , δg shows the logarithmic behavior at low temperature. Such a temperature dependence is absent for small size system. With L ≤ 1 µm scale of the samples, the WL effect could hardly be observed in experiment at low temperature [1] .
For the minimum electric conductivity g m , the non corrected value is about 1.7 (with unit e 2 /h) [12] . At T = 10 K, the contribution of QIC is δg m = 3.3 for L = 1 µm, and its magnitude decreases and saturates to 2 for L > 10µm as shown in Fig. 2 . Therefore, g m is around 4. On the other hand, the QIC varies with T as shown in Fig. 3 . For L = 5µm, we find δg m varies in the range 1 < δg m < 2.8 for 4 K < T < 20 K. As a result, for 1 µm ≤ L ≤ 5µm (the experimental sample sizes) and 4 K < T < 20 K, g m is close to the experimental data [1] .
In the presence of an external magnetic field B, the Cooperons are in the quantized Landau states [19] . The q-summation in Eq. (7) is then replaced with the summation over those Landau levels (each of them with a degeneracy BV /π). By using the same q-cutoffs as in obtaining Eq. (8), only those states of energy levels in the range (q 2 0 /2, q 2 1 /2) (in units of a = v = 1) need to be summed up. In Fig. 4 , we show the relative magnetoresistance δR(B)/R(0) as function of B at T = 4 K and δ = 2.5 × 10 −5 for various sample sizes. The result for δ = 1 × 10 −4 and L = 1 µm is also depicted for comparison. As seen from Fig. 4 , the magneto-resistance very sensitively depends on the sample size. When L < L in , the number of the Landau levels is determined by L. Since smaller sample confines less Landau states, the magnetic field effect is largely reduced in small samples.
At very low δ, though the QIC to the electric conductivity for B = 0 appears like a delocalization effect as given in Fig. 2 , the effect of magnetic field presents a suppression of WL giving rise to reduced resistance as shown in Fig. 4 . Such a magnetic effect is qualitatively consistent with the experimental observation [2] .
In summary, using SCBA to the Dirac fermions under the charged impurity model, we have studied the WL effect in graphene by evaluating QIC to the electric conductivity. Since the model justified by the existing theories [10, 11, 12] is more realistic than the zero-range potential model, the present calculation should give rise to the reasonable predictions for WL in graphene. With the inelastic scattering rate [13] , we have investigated the dependence of QIC on the carrier concentration, the temperature, the magnetic field and the size of the sample. It is found that WL is present in large size samples at finite carrier doping. The strength of WL becomes weakened/quenched when the sample size < L in (about a few microns at low temperatures) as studied in the experiment [1, 2] . Close to region of zero doping, the system may be delocalized. In addition, the minimum conductivity obtained for experimental sample sizes at low temperature is close to the data.
